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A B S T R A C T

Every textbook gives the period of a pendulum as  and adds that it holds
for small swings. We ask how small. The exact period, written with a complete elliptic
integral and computed in three lines with the arithmetic–geometric mean, is longer than
the textbook value by 0.19% at 10°, 1.7% at 30° and 18% at 90°. A one-metre pendulum
timed with a photogate at amplitudes from 5° to 90° follows the exact curve to within 0.08%,
the limit set by reading the amplitude. We give the series a student can check by hand, and
a rule of thumb for the teaching laboratory.
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1 Introduction
Galileo is said to have noticed that a lamp swinging on a long
chain seems to take the same time over every swing, wide or
narrow, and in the Two New Sciences he stated the rule that
textbooks still teach: the period of a pendulum depends on
its length, not on how far it swings [1]. A generation later
Huygens, who had invented the pendulum clock in 1656,
showed that this is only nearly true [2]. A bob on a circular
arc takes longer over a wide swing than over a narrow one,
and he fitted his clocks with curved cheeks that made the
bob follow a cycloid instead, the one curve on which the
period does not depend on the amplitude at all. The cheeks

brought errors of their own, however, and clockmakers soon
settled for a simpler remedy of keeping the swing of the pen-
dulum small and steady.

A pendulum timed in a teaching laboratory bears out both
Galileo’s rule and Huygens’ correction. Every introductory
course gives the period as

Here  is the length from the pivot to the centre of the bob
and  the acceleration of free fall. For a one-metre pendulum
the formula predicts 2.006 s, and a careful student will find
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a period close to that. Then someone pulls the bob far out
to the side, well past the small angles of the textbook, and
the measured period grows. By how much, and from what
amplitude the growth matters, is the subject of this article.

In Section  2 we derive the exact period and show how
to compute it on a pocket calculator. Section  3 describes a
bench experiment with a photogate timer, Section  4 com-
pares the two, and Section  5 turns to the teaching labora-
tory and to clocks. The geometry and the symbols are those
of Figure 1.

2 Theory

2.1 The equation of motion

A bob of mass  on a light rigid rod of length , displaced by
an angle  from the vertical, feels a torque  about
the pivot. We neglect the mass of the rod, the size of the bob
and the drag of the air until Section 5. With the moment of
inertia , the equation of motion is

When the swing is small,  can be replaced by . Equa-
tion (2) then becomes the equation of a harmonic oscilla-
tor, with an angular frequency  and the period

 of Eq. (1). Nothing in that solution depends on
the amplitude . This is Galileo’s isochronism, and it is ex-
act only in the limit .

2.2 The exact period

Equation (2) can be integrated once. Multiplying it by  and
integrating from the turning point, where the bob is momen-
tarily at rest at , gives the conservation of energy:

Separating the variables and integrating over a quarter of
a swing, with the substitution  and the
modulus , gives the exact period

Here  is the complete elliptic integral of the first kind,
as tabulated by Legendre [3] and treated in every course of
analysis [4]:

Since , the small-amplitude limit gives back
. The ratio  depends on the amplitude

alone, so everything that follows holds for a pendulum of
any length.

Elliptic integrals have a reputation for needing tables, but
Gauss found that  follows from the arithmetic–geometric
mean. Start from  and , and repeat

 and  until the two agree.
Their common limit  gives

The iteration converges so fast that three steps, three rows
of a spreadsheet, give ten correct digits even at 90° [5].

2.3 The series in the amplitude

Expanding  in powers of the amplitude gives the series of
the classic texts [4,6], with  in radians:

The next term is , but the first correction
alone is worth remembering. It says that the true period ex-
ceeds the textbook one by 1% when , at 0.4 rad
or 23°, and by 0.1% at 7°. For a one-metre pendulum, whose

 is 2.0059 s, a swing of 30° lasts 2.0408 s: the 35 ms differ-
ence adds up to a full second in just under a minute, well
within reach of a stopwatch. Timing a pendulum was for two
centuries the way to measure  [7], and plotting  against
the length is still a classic exercise: a student who times the
bob at an amplitude of 30° will find  too small by 3.4%.

3 Method
A brass bob 48 mm across, of mass 0.49 kg, hangs from a steel
wire 0.3  mm in diameter, clamped between two hardened
jaws so that the pivot is a sharp edge rather than a loop. The
effective length, from the edge of the jaws to the centre of
the bob, is  m, and a gravimetric survey

Figure 1. The pendulum and its symbols: the length L from the
pivot to the centre of the bob, the mass m and the amplitude, the
angle between the vertical and either turning point of the swing.
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of the building gives  m s−2. With these values the
textbook formula predicts 2.0059 s.

A photogate at the bottom of the swing records each pas-
sage of the bob to 10 µs. For each amplitude we release the
bob from a V-shaped holder set with a protractor, and time
it over ten full periods. The amplitude is read again at the
end of the run, and we report the mean of the two readings,
which are known to ±0.5°. We stop at 90°, where the tension
in the wire falls to zero at the turning points. Apart from
the timer, the whole apparatus cost less than $40, most of it
for the bob.

4 Results
Table 1 lists the measured periods beside the exact predic-
tion of Eq.  (6), and Figure 2 plots both, as the ratio to ,
against the amplitude. The measurements follow the exact
curve over the whole range. The residuals scatter on both
sides of zero with no trend, and they grow with the ampli-
tude as they should if their source is the reading of the angle:
at 60°, an error of 0.5° in  moves the prediction by 0.1%.

The textbook value, by contrast, falls further behind with
every degree. It is only 0.05% short at 5°, but the true period
exceeds it by 0.8% at 20°, 7% at 60° and 18% at 90°, where a
pendulum that should swing to and fro in two seconds takes
2.37 s. The first two terms of Eq. (7) do far better: they stay
within 0.1% up to 40°, and within 1% up to 70°. With its third
term as well, Eq. (7) is within 0.01% of the exact period up to
45°, and within 0.4% even at 90°.

5 Discussion
For the teaching laboratory the first term of Eq. (7) suggests a
rule that needs no radians. Square the amplitude in degrees
and divide by 50: the result is the excess of the true period
over  in parts per thousand. At 30° the rule gives 18 against
an exact 17.4, and at 60° it gives 72 against 73.2. At 90° it
gives 162 against 180, 10% low.

The period is not the only thing that changes. Figure 3
draws the motion in the phase plane, with one closed orbit
for each amplitude: Eq.  (3) solved for the angular velocity,
in units of . Small swings trace ellipses, round which the
state of the pendulum turns at the steady rate . Wide
swings stretch into lemon shapes, flattened above and below,
and most of the added period goes on the slow crawl round
their ends, where the bob hangs near its turning points with
little torque to bring it back. The motion is no longer a co-
sine either. At 90° a third harmonic of 1.5% of the funda-
mental flattens the swing at its extremes, against 0.02% at
10°. At 180° the orbit becomes the separatrix and the period
grows without bound, since a pendulum balanced upside
down never falls.

The same series explains why clockmakers kept their pen-
dulums swinging through only a few degrees. At an ampli-
tude of 2° the circular error is small, but it changes with
the amplitude: a clock whose swing falls from 2.1° to 2° as
its oil thickens gains 0.7 s a day. Huygens’ cheeks removed
the error in principle [2], but it was the small, steady swing
of the escapements of the next two centuries that removed
it in practice.

Two effects we did not model deserve a word. The bob is
not a point, and a sphere of radius  on a wire of length 
swings like a simple pendulum of length ,
a correction of 0.023% in length and half that in period, be-
low our scatter. Air drag lowers the amplitude by up to 4%
over a run at large angles, as Newton measured and Stokes
explained [8,9], which is why we report the mean amplitude
of each run rather than the release angle.

6 Conclusions
The period of a simple pendulum grows with the amplitude,
slowly at first and then fast: by 0.19% at 10°, 1.7% at 30° and
18% at 90°. Three steps of the arithmetic–geometric mean
give the exact value, and a one-metre pendulum on a bench
confirms it to within the accuracy of a protractor. Below 23°

Amplitude Measured Eq. (6) Over T0 Residual

5° 2.0069 2.0068 0.05% +0.004%

10° 2.0096 2.0097 0.19% −0.004%

20° 2.0210 2.0212 0.77% −0.012%

30° 2.0412 2.0408 1.74% +0.020%

45° 2.0864 2.0860 4.00% +0.017%

60° 2.1517 2.1527 7.32% −0.044%

75° 2.2458 2.2445 11.90% +0.059%

90° 2.3658 2.3676 18.03% −0.076%

Table 1. Measured and predicted periods of the one-metre
pendulum, in seconds, and their excess and residual in per cent.

Amplitudes to ±0.5°. The measurements are simulated for this example.

Figure 2. The period against the amplitude, as a ratio to T0: Eq. (6)
(solid), the first two terms of Eq. (7) (dashed) and the
measurements (dots).
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the textbook formula is good to 1%; beyond that, a student
can square the amplitude in degrees and divide by 50 to see
how far off it is.
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Figure 3. The phase plane of the pendulum: one orbit for each amplitude from 30° to 150° in steps of 30°, the 90° orbit of our widest
runs in red, and the separatrix of a swing to 180° dashed.
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